Applicability of PDS-FEM to simulate 3D wing crack growth in brittle elastic solids is demonstrated by reproducing some experimental observations reported in literature. 3D wing crack growth phenomenon is not well understood yet, though it has been recognized a key mechanism in failure under compression. Lack of non-destructive 3D stress field measurement techniques and efficient numerical methods for modeling 3D crack propagation are some of the barriers in understanding this phenomenon. PDS-FEM is a prominent candidate for studying complex crack propagation phenomena like 3D wing crack propagation; it provides numerically efficient failure treatments and incorporates the effects of minor material heterogeneities on crack evolution. The use of non-overlapping shape functions of conjugate geometries to approximate functions and their derivatives is the key to its attractive properties like numerically efficient failure treatment. Models with fine domain discretization are used to capture fine details of 3D wing cracks which are reported in literature. Features like curving of crack surfaces at the tip of mode-I regions and the growth of petal cracks at mode-III regions are reproduced. Comparison with experimental observations, which are reported in literature, indicates that simulated crack profiles are in good agreement.
Introduction
Growth of 3D wing crack, which emerge from the tips of existing cracks, and their interaction have been identified as a key mechanism for failure of brittle materials under compressio 1), 2) . Under axial compression, pre-existing cracks undergoes frictional sliding seeding opening cracks at the mode-II regions of the pre-existing cracks. These opening cracks, which are widely known as wing cracks, emerge at sharp angles to the pre-existing crack, curve towards the loading direction and eventually grow parallel to loading direction. Extensive growth of wing cracks and splay form creates some weak bands. Sliding along these macroscopic weak bands is considered as the mechanism of shear failure of brittle materials under compression 3) .
Most of the existing literature on wing crack problems are focused on the 2D setting 4),5), 6) , which is well understood. However, according to some experimental observations, understanding of 2D wing cracks is insufficient for particle applications. Experimental observations indicate that 2D and 3D wing cracks behave differently; while the 2D wing cracks can grow extensively towards loading, the 3D wing cracks have been observed to grow at most to a comparable size of the pre-existing crack, in a stable manner 2),7) . This intrinsic limit of 3D wing crack length is mainly attributed to the mode-III crack regions which restrict the sliding of the pre-existing crack. In addition to the main wing cracks, several tear cracks, which are called petal cracks, have been observed at the mode-III region of the pre-existing crack. Though it is important, the 3D wing crack growth and interaction have received less attention compared to its 2D counterpart; possibly due to lack of necessary experimental techniques to measure 3D state of stress and numerical techniques to simulate complex 3D wing crack profiles.
Numerical modeling is vital to understand the 3D wing crack growth behaviors since no nondestructive experimental technique is capable of measuring the 3D state of stress. Though a number of 3D wing crack related experimental observations has been reported 1),2),8), 9) , only a few models have been proposed to explain the 3D wing crack behavior. Dyskin et al. 7) analyzed 3D wing crack extending Fairhurst and Cook's 2D model and obtained an approximate expression for length and width of 3D wing cracks, etc. Studying the 3D problem requires numerical techniques with efficient treatments for modeling propagating 3D tensile cracks and existing shear failure surfaces, since fine discretization are necessary to capture the details like rapid curving of wing cracks at the onset. In this study, we used the PDS-FEM 10),11) which has numerically efficient failure treatment. PDS-FEM uses characteristic functions of two conjugate discretizations to discretize functions and their derivatives. The use of characteristic functions introduces numerous discontinuities which can be exploited to model cracks, numerically efficiently. Compared to approaches like mesh refinements, cohesive elements, nodal and element enrichments, PDS-FEM crack treatment is highly numerically efficient. Also, PDS-FEM can efficiently model existing shear cracks, without considering complex contact analysis. Because of these advantages, PDS-FEM is chosen for modeling 3D wing crack growth. To demonstrate the applicability of PDS-FEM for studying 3D wing crack problem, we reproduce some of the 2D and 3D wing crack growth related experimental observations reported in literature. In particular, we simulated 3D wing cracks emerging from a single penny shaped pre-existing shear crack at 30
• and 45
• degrees to the loading direction. The rest of the paper is organized as follows. Formulations of PDS-FEM, its approximate failure treatment for tensile cracks and pre-existing shear cracks are presented in the next section. The third section gives details of simulation results of 2D and 3D wing cracks. Finally, some concluding re-marks are presented in the last section.
Numerical method: PDS-FEM
In this section, a short introduction to the numerical methods used is presented, including the failure treatments for tensile and pre-existing shear cracks. For detailed formulation of PDS-FEM, interested readers are referred to 10), 11) .
PDS-FEM is based on a non-conventional discretization scheme called Particle Discretization Scheme (PDS), which uses characteristic functions of a pair of conjugate geometries, hypo-Voronoi and Delaunay tessellations, to discretize functions and their derivatives. Hypo-Voronoi tessellation is obtained by moving the common meeting points of Voronoi tessellations to the center of gravity of the corresponding Delaunay tessellation (Fig. 1) . Using the set of characteristic functions
To circumvent the problem of unbounded derivatives of the approximation
/∂x, j is zero inside Φ α and is unbounded along the boundaries ∂Φ α 's), an average value of f, d j (x) is calculated using the Delaunay tessellation, Ψ β , which is associated with the hypo-Voronoi diagrams. Using the set of characteristic functions of the Delaunay tes
β (x). The numerous discontinuities present in the discretized function f d of PDS can be exploited to solve boundary value problems with discontinuities like propagating cracks in solids (Fig. 2) .
PDS-FEM, implementation of PDS in FEM framework, uses the following functional to obtain an equivalent variational formulation to the boundary value problem of linear elastic continuum, assuming infinitesimal deformations.
where , σ, c and u are strain stress, elasticity tensors and displacement vector. Using PDS, the displacement field is approximated as
and the variables associated with derivatives and elasticity tensor are discretized as
. Substituting these approximations to the above variational form and considering the first variation, it is straight forward to obtain the following matrix equation.
where
A simple algebraic expression for b βα j 's can be easily obtained using the Gauss theorem (refer 11) for explicit expression in 2D and 3D). Further, element stiffness matrix in the above equations can be presented in the familiar form
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Figure 3: A tensile crack along the edge PS is modeled by dropping all the contribution from an infinitesimal thin region ∆S used in FEM. It has been shown that this element stiffness matrix is numerically exactly equal to that of FEM with linear elements, which indicates the displacement field of PDS-FEM has the same accuracy of linear FEM, at nodal points.
Treatment for tensile cracks
Utilizing the numerous discontinuities present in the approximated displacement field, u d , PDS-FEM can model cracks growing along the boundaries of Voronoi tessellations. When a Voronoi block boundary is broken under tension, it is modeled by dropping the contribution from the broken boundary. The contribution from a given Voronoi boundary can be estimated considering an infinitesimally thin region around the Voronoi block to be broken. As an example, in 2D setting, a tensile crack growing along the Voronoi boundary PS in Fig. 3 can be modeled dropping contribution from an infiniticimally thin region∆S by setting B updated = B−∆B PS , where ∆B PS is given by Eq. 3. A simple algebraic expression for d βα j 's can be obtained using the Gauss theorem. With PDS-FEM, all it needs to model a crack through a Delaunay tessellation is to recompute the element stiffness matrix. Compared to other methods like addition of new DOFs, element/nodal enrichments, etc., this process involves only a little numerical overhead. Hence, the failure treatment of PDS-FEM is numerically efficient.
2.2 Treatment for pre-existing shear cracks Figure 4 : A shear crack along the edge PR is modeled by dropping the contribution to shear from an infinitesimal thin region ∆S Similar to treatment for tensile cracks, a pre-existing shear crack can be modeled by dropping the contribution to shear from a selected Voronoi boundary. As an example, a pre-existing shear crack along the block boundaries PS and S R in Fig. 2 can be modeled by setting , where
The expression for ∆B PS (X ) is given by Eq. 5. Note that the contributions are calculated with respect to a local coordinate system aligned with the Voronoi boundary to be broken. This treatment is fairly simple compared to contact analysis needed by ordinary FEM approaches. However, this can be applied only when the shear slip between the crack surfaces is small compared to the size of the parent Delaunay tessellation.
The validation of tensile failure treatment is presented in 11) . The shear failure treatment is not yet validated and only qualitative results indicating its validity are presented in the next section.
Simulations of 2D and 3D wing crack with PDS-FEM
We conducted several simulations of wing crack growth with the aims of testing the applicability of PDS-FEM for simulating 3D wing crack propagation and exploring the underlying mechanisms of 3D wing crack propagation. In our preliminary simulations, we intend to reproduce the detailed experimental observations of 3D wing cracks, reported by Dyskin et al.
2),9) ; Dyskin et al. provide a detailed description of thier observations. Details of the problem settings and numerical results are presented in this section.
Problem settings
For a qualitative validation of existing shear cracks modeled with PDS-FEM, a 2D case with a pre-existing shear crack at 30
• to the horizontal plane is considered. Figure 5 shows the dimensions and the mesh used for the 2D problem. Figure 6 shows the model dimensions and the section through the center of the mesh used for 3D wing crack simulations. The dimensions are the same as 2),9) . Two models with the same dimensions and pre-existing shear cracks at 30
• to the horizontal plane are considered for the 3D problem. Young's modulus and Poisson's ratio are set to be 4GPa and 0.3, respectively. Maximum principal stress based simple failure criterion is used and tensile strength is set to 70MPa, which is the standard value for polymethyl methacrylate (PMMA). However, the actual tensile strength at the experiments must have been much smaller since Dyskin et al. report that the samples were frozen to −17
• C, prior to the expriments. Figure 7 and 8 show the displacement and traction fields around the 2D pre-existing shear crack. As seen in Figure  7 , both the tangential and normal components of displacement, with respect to a local coordinate system aligned with the crack, have sharp discontinuities. As seen in Fig.  8a , the tangential traction is not transmitted across the preexisting crack. Instead it flows around the pre-existing crack, just as a fluid flow around an plane obstacle. The zoomed view at the upper right of Fig. 8a clearly shows sharp discontinuity of tangential component; the arrows right below the crack are upward, while the arrows right above the crack are downward. As seen in Fig. 8b , the normal traction flows across the crack, normal to the crack. Further, the 2D wing crack profiles shown in Fig. 9 are in good agreement with those reported in literature. These observations are qualitative evidence that we are modeling the pre-existing frictionless shear failure surface correctly.
Qualitative validation of modeling pre-existing shear cracks with PDS-FEM
The above qualitative observations are insufficient and quantitative validations are necessary to confirm the applicability and the accuracy of PDS-FEM's approximate shear failure treatment. To this end, we are planning to compare numerical results with an analytical solution or experimental observations. In addition to the validation of shear crack modeling, more detailed validation of the whole simulation is to be conducted comparing with experimentally observed photoelastic patterns with those of numerically generated, at different stages of crack growth. Figure 10 shows the relative slips between the top and bottom surfaces of the pre-existing penny shaped shear crack which is at 45
• to the horizontal plane. The initial small loading generates nearly symmetric distribution of the downwards component ∆u x ; the maximum is at the center and diminishes to zero towards the crack boundary. The ∆u y component is small and has an antisymmetric pattern. As mentioned, though these data qualitatively agree with the expected behavior, quantitative validation is necessary to confirm the applicability of PDS-FEM's approximate treatment for modeling pre-existing shear cracks. Figure 11 shows some snapshots of 3D-wing crack at different stages and corresponding relative slip on the preexisting shear crack. With the extending wing cracks the relative slip ∆u x is getting more and more elliptic. It also shows the evolution of tensile cracks in the mode-III regions, which are often named as petal cracks in literature. At the begining there are several petal cracks growing in a vertical plane. With the growth of wing cracks, each of these petal cracks get the shape of a helical spiral. Further, only some of the petal cracks grow bigger and merge creating a few dominant large cracks in the mode-III edge of the penny crack. These features of petal cracks are visible in the top and side views shown Fig. 12 . According to the simulations, extensive growth of the mode-I cracks emerging from mode-III region of the pre-existing crack may extensively grow leading to failure. Though in some literature 12) reports about the observations of petal cracks in mode-III regions, no detailed descriptions or figures have been presented. Figure 13 shows two section of the upper wing crack at two different heights; at 0mm and 
Discussion
In their experiments, Dyskin et al. 9) have observed that a fully developed 3D wing cracks wrap around pre-existing shear cracks. Also, they do not report the presence of large petal cracks. Instead of forming the petal cracks, which is reported by other experiments, Dyskin et al. have observed developement of wing cracks such that those encircle or wrap around the pre-existing shear crack. As seen in Fig.  11 and Fig. 13 , the simulated crack patterns do not show any wrapping behavior.
The inability to numerically reproduce the wrapping behaviour of wing cracks gives rise to two questions: is the wrapping behaviour is due to some problems in the experiment?; is the the numerical treatments used for modeling 3D wing cracks is sufficient?. Dyskin et al. have made the specimens from castings of polyester resins but there is no record whether they heat treated the casts to remove residual stresses; it is well known that polyester casts have residual stresses which is not negligible for sample sizes they have used. Further, it might be a possibility that freezing to −17
• C can make these residual stresses to build up and play a dominant role. The authors speculate that it is plausible that the wrapping behaviour is due to untreated residual stresses in their samples; to authors' best knowledge, the wrapping behaviour of 3D wing cracks have been reported only by Dyskin et al. Also, there could be problems related to the simulations; lack of proper numerical treatments such as failure criterion, the standard material parameters used in the simulations are much different from samples used in the experiments, which are frozen to −17
• C ; some confining pressure is present in the experiment; prior to loading, the surfaces of the pre-existing cracks are in contact in the numerical model while they are not in the experiment; etc. Further investigations are necessary to clarify why the wrapping behavior cannot be reproduced.
Apart from the above mentioned mismatches, the side view of the simulated 3D wing crack profile and moderately grown wing crack from Dyskin et al. have a good agreement. Very limited clear images of 3D wing cracks have been published in literature and one of the clearest available is by Cannon et al. 8) . Figure 14 compares the numerically obtained crack profile with that of their experiment. As seen, the simulated crack patterns have striking similarity to those reported by Cannon et al. 8) However, it should be noted that the settings of the numerical simulation and the setting of their experiment are different, though the dominant phenomenon is the same; Cannon et al. have considered wing crack growth around a semicircular pre-existing crack in small samples.
Concluding remarks
We investigated the applicability of PDS-FEM to simulate 3D wing crack growth by reproducing experimental observations reported in literature. Considering a 2D wing crack problem, PDS-FEM's numerically efficient failure treatment for pre-existing shear cracks is qualitatively validated. It is found that the simulated crack patterns have a striking similarity to the crack patterns observed by Cannon et al., in their experiments with semicircular cracks.
Though the major features observed in experiments are reproduced, the wrapping behavior of wing cracks reported by Dyskin et al. is not reproduced. Extensive growth of petal cracks in mode-III region is observed in the simulations. Though some literature mentions about the petal cracks in mode-III regions, no detailed figures have been provided for comparison. Dyskin et al. 9) have not reported the presence of petal crack growth. The authors speculate it is a possibility that the wrapping behavior reported by Dyskin et al. is due to the presence of residual stresses in their samples.
Application of PDS-FEM to 3D wing crack pheonomenon is planned to be validated by comparing with experimental observations. Though it is not validated yet, the present numerical results indicate that
